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Abstract 
The tensor product HOG where G is a 2k-regular graph can be regarded as a covering space 
of the permutation voltage graph H czk) obtained from H. Assuming that H is suitably imbedded 
in some orientable surface by modifying the edges of H according to the configuration of G we 
get the permutation voltage graph H c2’) whose permutation derived graph is exactly HOG. This 
construction can also be extended to the tensor product HOG where G is a (2k+ 1)-regular 
graph with l-factor. Here we put the sufficient conditions on H and G so that the permu- 
tation derived imbedding obtained in this way is a minimal imbedding. We also give sample 
results - the genus of the tensor products H@K,,,,, and H@Q, are calculated for certain 
graphs H. 
1. Introduction and background results 
Among the few papers on the genus of the tensor product of graphs there are works 
of peleznik [12], Bouchet and Mohar [3], and Abay-Asmerom [l]. In his paper 
Abay-Asmerom is using the surgical-voltage imbedding technique, first used by White 
[ll], to find the genus of the tensor product of two graphs, where the second factor is 
a Cayley graph. Here we try to extend this construction to the tensor product of 
graphs where one of the factors is either 2k-regular or (2k+ 1)-regular graph with 
a l-factor. By using the technique we developed here, some of geleznik’s results can 
also be obtained. 
In this paper we are establishing several new genus results for the tensor product of 
graphs HOG, where G is a graph which is either 2k-regular or (2k + l)-regular but with 
a l-factor and H is a graph with an orientable quadrilateral imbedding which is either 
bipartite or has the bipartite dual or some other property. 
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The tensor product of graphs H and G is the graph HOG whose vertex set 
V(HOG) is the Cartesian product of the vertex sets V(H) and V(G) and whose edge set 
is E(H@G)={(u,, vl)(uz, vz)JuIuz@H) and vlv+E(G)). 
Note that different names are used for the tensor product of graphs, e.g. the 
Kronecker product in [9] or the conjunction in [6] or [12]. 
Some basic properties of the tensor product of graphs can be found in [9] and [6]. 
We will mention> a few which are needed for proving the forthcoming theorems. 
The following statements are easy corollaries of Weichsel’s [9] results. 
Let G and H be connected graphs. The tensor product HOG is connected if, and 
only if, at least one of them is not bipartite. However, if G and H are both bipartite 
then HOG has two bipartite components. It is easy to prove that HQG is bipartite, if, 
and only if, at least one of the factors is bipartite. 
It is also easy to prove that HOG contains a triangle if and only if, both graphs 
H and G contain a triangle. 
If a graph H has p vertices and 4 edges we will call it a (p, q) graph. 
The following lemma is an easy corollary of the Euler formulae for the orientable 
quadrilateral imbedding of the connected bipartite (p, q) graph and is stated without 
a proof. 
Lemma 1. Zf H is a connected (p, q) graph which has no triangles and which has an 
orientable imbedding whose allfaces are 4-gons or 2-gons, and iffz denotes the number of 
2-gons in the imbedding of H, then 
p(f+-q-h ’ ---s+ 1. 
4 
Combining Lemma 1 with the result of Battle, Harary, Kodama and Youngs (see 
[15]) which says that the genus of the graph is the sum of genera of its blocks we have 
the following Lemma. 
Lemma 2. If H is a (p, q) graph which has no triangles and ifevery component ofH has 
an orientable imbedding whose all faces are 4-gons or 2-gons, and tffz denotes the total 
number of 2-gons in the imbedding of H, then 
y(H)=‘+ ’ --2+c- 4 
To each edge e of a graph we may associate a pair of oppositely directed edges e+ 
and e-, also called sides where the plus direction is chosen arbitrarily. The set of all 
sides of G is denoted by S(G). 
A permutation voltage graph is the subscripted pair (G, cc), where G is a graph and 
c(: S( G)+S,, where S, is the symmetric group of degree n, is a function which satisfies 
a(e-‘)=(u(e))-i, for each e&(G). 
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The permutation derived (covering) graph G” for (G, CX), is the graph whose vertex 
set is the Cartesian product V(G) x { 1, . . . , n}, whose edge set is the Cartesian product 
E(G)x{l,..., n) and the incidence structure on G” is described in the following way: if 
the directed edge e in ( G, a), runs from the vertex u to the vertex u and if it is assigned 
permutation voltage n then e determines n edges (e, i), i = 1, . . . , n in derived graph G” 
each running from (u, i) to (II, n(i)). 
Let W be a walk in a permutation voltage graph (G, a), and let zl, . . . , n, be the 
successive permutation voltages encountered on the traversal of the walk W. The net 
permutation voltage on W is the permutation rc = ~,rc_ 1 . . . xl. 
Let rc be an element of symmetric group S,. Then rr has unique decomposition as 
a product of disjoint cyclic permutations. Let cj denote the nubmer ofj-cycles in the 
cyclic decomposition of x. The n-tuple (cr, _. , c,) is called the cycle structure of X. 
The following theorems together with their proofs can be found in [S]. 
Theorem 1. Let C he the boundary walk of u k-sidedface in the imbedding of a permuta- 
tion voltage graph (G, cr), in the orientable surface S. If the net permutation voltage on 
C has cycle structure (cl, . . . , c,) then there are c1 + ... + c, faces of the derived imbed- 
ding G”+S” corresponding to the face C, including for j = 1, . . . , n exactly cj faces with 
kj-sides. 
Theorem 2. Let (G, r), be a connected permuation voltage graph, and let u be a vertex 
of the base graph. The number of components of the derived graph equals the number of 
orbits induced by the local group at u on the set { 1, _.. , n}. 
The following theorem combines results from Chapter 2 in [S]. A bouquet of 
n circles B, is a graph with one vertex and n loops. 
Theorem 3. Let G be a regular graph of even valence 2k. Then G is a covering space of 
bouquet Bk. 
Conversely, ifp: G-B, is a covering projection on every component of its domain then 
there is an assignment M of permutation voltages to the bouquet Bk such that the derived 
graph Bt is isomorphic to G. 
The set of permutation voltages which are assigned to Bk will be called the 
generating set or the set of generators for G. 
The following theorem extends the construction which White presented in [l l] to 
the tensor product of graphs where one of the factors is a 2k-regular graph. The proof 
follows directly from the definitions of the tensor product of graphs and the permuta- 
tion derived graph. Similar constructions work for the other graphical products 
defined in [l l] where the second factor is also a 2k-regular graph. 
Theorem 4. Let G be a 2k-regular graph whose vertex set is { 1,. . . , p} and whose set of 
generators is (ol, . . . , ok}, where oiESr. Then for any graph H the tensor product HOG is 
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equal to the permutation derived graph for the permutation voltage graph HCzk) which is 
obtained from H by first adding directions to all edges of H and then by replacing each 
directed edge ofH and 2k equally directed edges and assigning the permutation voltages 
-1 
cl,.-*,@,, 61 ,**-,ok - ’ to these edges in any order. 
Any embedding ofH can be extended to an sledding off into the same surface by 
adding suitable digons ctong each edge of H, and this imbedding in turn, lifts to an 
imbedding of HOG. 
Most subsequent results provide sufficient conditions for such an imbedding of 
HOG to be quadrilateral. 
2. Const~ctions 
Theorem 5. Let H be a simple bipartite (p, q) graph with an orientable quadrilateral 
imbedding and let G be a simple 2k- regular graph with vertex set { 1, . . . , m} , m even. If 
there exists a set of generators { ol, . , . , ok} for G such that there exists an ordering z of 
the Set {ol ,..., ok, a;‘,..., 0;’ } (where we denote Ti=T(i),for i= 1, . . . ,2k) such that 
the following system of equations holds: 
(riri-+11)2= 1, i=l ,...,2k-1, 
(rzkt; l)Z = 1, 
then each component of HOG has an orientabie quadrilateral imbedding and 
where c is the number of co~n~onents of HOG. 
Proof. Let us modify each edge of H as it is shown in Fig. 1 and described in 
Theorem 4. Since H is bipartite this modification can be done consistently for all edges 
of H. 
Let HCzk) denote the permutation voltage graph obtained from H in the described 
way. By Theorem 4, the derived permutation graph for HCzk’ is exactly HOG. 
Because of the conditions we put on the permutation voltages zr, _. . , rZk, the 
net permutation voltage on each 2-sided region has cycle structure (0, m/2, 0, . . . ,O) 
so, by Theorem 1 every 2-sided region in Ii (2k) Iifts to m/2 regions in HOG which are 
4-sided. 
Since H is imbedded in an orientable surface, the net voltage on every 4-sided 
region of Hfzk) . is equal to (rZkr; I)’ = 1 and thus each 4-sided region in Hfzk) lifts to 
m 4-sided regions in HOG. 
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Fig. 1 
Now we have an imbedding for H@G which satisfies the conditions of 
Lemma 2 and since HOG has pm vertices and 2mkq edges 
where c is the number of components of HOG which can be calculated by using 
Theorem 2. Cl 
Theorem 6. Let H be a simple bipartite (p, q) graph with an orientable quadrilateral 
imbedding and let G be a simple (2k + 1)-regular graph with vertex set (1, . . . , m} (m even) 
and let G have a l-factor F. Let CT k+l denote the generator for the graph which is 
obtained from F by adding a parallel edge to each edge of F. If there exists a set of 
generators {ol, . . . , such that there exists an ordering z of the set 
10 
~1 ok} for G-F 
l,-~.,~k+l,~l >..., oi:l) (where we denote zi=~(i),for i= 1, . . . ,2k+2) such that lif 
Ti = (Tk + 1 then Ti _ 1 = ok-+lI or Zi + 1 = bk-+lI and such that the following system of equations 
holds: 
(~~z;>~)‘=l, i=l,.... 2k+l, 
then each component of HOG has an orientable quadrilateral imbedding and 
qm(2k + 1) mp 
~(HQG)= 4 -2+c, 
where c is the number of components of HOG. 
Proof. The graph G is a subgraph of the graph G’ whose set of generators is 
(0 1, . . . , ok + 1 > . We can calculate the genus of H@ G’ essentially in the same way we 
calculated the genus of HOG in the proof of Theorem 5, except that because of the 
condition that if Zi=~k+ 1 then Zi_ 1 =O k;ll or ri+ 1 =a;:, we will have q 2-sided 
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regions in I$(“‘) which will have then net permutation voltage equal to oi+ 1 = 1 so 
there will be mq 2-sided regions in the derived imbedding. By Lemma 2 we have 
y(fmG’)= 
qm(2k+2)-qm mp 
4 
-y+c 
qm(2k + 1) mp = 
4 
--2C’ 
where c is the number of components of HOG’ which is also equal to the nubmer of 
components of HOG. The proof is now completed beause of the fact that HOG is 
a subgraph of H@G’ and the lower bound for y(H@G), which can be calculated 
directly from the Euler formulae, is equal to qm(2k+ 1)/4-(mp/2)+c. 0 
Theorem 7. Let H be a simple (p, q) gruph with an or~entuble quudr~iQter~i embedding 
and bipartite dual and let G be a simple 2k-regular graph with vertex set { 1, . . . , m] , (m 
everz) and suppose that at least one of the graphs H or G does not contain a triangle. If 
there exists a set ofgener~tors {aI, . . . , oh} for G such that there exists an ordering z of 
the set {oI, . . . , ok) for G such that there exists an ordering T of the set {aI, . . . , (Tk, 
-1 
(T1 ,*.-,ok ml’ (where we denote ~~=z(i), for i=l, 2, . . ..2k) such thut the following , 
system of equations holds: 
Z:= 1, 
&=I I 
(ZiZi~1~)2 = 1, i==1,...,2k-1, 
then each component of H@G has an or~entab~e qu~drii~teral embedding and 
where c is the number of components of HOG. 
Proof. Since H has a bipartite dual imbedding we can sssume that the regions of this 
imbedding are coloured black and whilte. We can modify each edge of H as it is shown 
in Fig. 2. This can be done consistently because of the coloring of the regions and the 
orientability of the imbedding. 
Let Pk’ be the permutation voltage graph obtained by modifying H in the 
described way. Theorem 4 guarantees that the permutation derived graph for H’Zk’ is 
exactly HOG. 
Since (zirt+ 1 j2 = 1 for i = 1 , . . . ,2k- 1, the lift of every 2-sided region of IPk’ will 
consist of 4-sided regions of HOG. 
The coloring of the regions of H divides the quadrilaterals of H(2k) into two groups: 
the first group contains quadrilaterals all the sides of which are labelled with r1 and 
the second group contains quadrilaterals all the sides of which are labelled with r:Zk. 
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Fig. 2. 
Smce z;‘= 1 and z& = 1 the net voltage on each quadrilateral region of HCZk’ is equal to 
the identity so each quadrilateral region of H c+) lifts to 111 quadrilateral regions in the 
derived imbedding. 
Thus, we got the quadrilateral imbedding for HOG. Since either Ii or G does not 
contain a triangle, HOG does not contain a triangle so by Lemma 2 we have 
A similar theorem can be formulated for another class of graphs. Let H be a simple 
(p, 4) graph with an orientable quadrilateral imbedding and let us define a binary 
region on the edges of dual of H (that is 4-regular) in the following way: e-jrelation 
if e and fcorrespond to the opposite sides of a quadrilateral of H. Now we can take the 
smallest equivalence relation induced by - and consider the equivalence classes under 
-. We will say that the graph H has a straight-ahead imbedding if all equivalence 
classes under - are cycles in the dual of H. Now, we can prove the following theorem. 
Theorem 8. Let H be a simple (p, q) graph with an or~enrable qaadrifateral straight- 
ahead imbedding and Let G be a simple 2k-regular graph with vertex set (1, . . . , m>, (m 
even) and suppose that at least one of the graphs H or G does not contain u triangle. If 
there exists a set ofgenerator.~ (crI, . . . 1 trk ) jbfbr G such that there exists an ordering z of 
the set {ol, . . . , ok, o;‘, . . . ,a; ‘} (where wefor i= 1, . . . . 2k denote Ti = t(i)) such that the 
following system of equations holds: 
(ZiZz’+‘,)2 = 1, i=1,...,2k-1, 
2:*,2= 1 , 
then each component of HOG has an orientable quadrilateral imbedding and 
where c is the nl~rnber of components of HOG. 
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Fig. 3 
Proof. We can take each equivalence class C under - and, since it is a cycle, choose 
one of the two possible orientations for it. All edges of H which are interested by an 
edge of C can consistently be assigned the orientation according to the orientation of 
C, as it is for example shown in Fig. 3. 
Similarly as in the proof of Theorem 5 we replace each directed edge of H with 2k 
equally directed edges which are assigned voltages zI . . . t2k exactly in this order 
(Fig. 1). Let HCzk) denote the voltage graph obtained from H in the described way. 
The rest of the proof is essentially the same as the proof of Theorem 5. The only 
difference is that the net permutation voltage on a 4-sided region of HCzk’ can be 
-1 -1 
zlzl~;kl~ikl, ~1~1 Z2k rZk> ZlT2kZ2k z1 
-1 -1 or z T-1 
1 2k z;klzl but it is in all of these cases 
equal to the identity. 0 
Remark 1. Theorems similar to Theorem 7 and Theorem 8 can be formuated and 
proven for the tensor product HOG, where G is a (2k+ 1)-regular graph which has 
l-factor, in the analogous way Theorem 6 is formulated and proven using Theorem 5. 
The genus of the tensor product of n graphs can be calculated for certain graphs by 
using Theorem 5 repeatedly. We have the following theorem. 
Theorem 9. Let H be a simple bipartite (pI, ql) graph with an orientable quadrilateral 
imbedding and let for i = 2, . . . , n, Gi be a (pi, qi) 2k-regular connected graph and let there 
exist the set of generators for Gi which satis$es conditions of Theorem 5. Let r of the 
graphs G2 . . . G, be bipartite. Then each component of HO G2 . . . @G, has a quadrilateral 
imbedding and 
y(H@G2 . . . QG,)=2"-3ql . . . qn_!!L.$?+2r. 
Proof. By induction. Cl 
Example 1. Let GI be a 4-regular graph with the vertex set { 1,2, . . . ,12} defined by 
the set of generators { pr, p2} where 
p,=(1234)(5678)(91011 12) 
pz=(159)(3711)(21264108). 
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Since (plpz)‘=l and (~~p;r)~=l if we define the ordering (r1,r2,2s,r4)= 
(pl, p2, p;‘, p; ‘), then all conditions of Thorem 5 are fulfilled so we can calculate 
that 
y(H@G)= 12q-6p+ 1, 
where H is a bipartite (p, q) graph which has an orientable quadrilateral imbedding. 
It is easy to verify that Gi is not vertex transitive (there are two vertex orbits one 
formed by the even and the other by the odd vertices) and therefore not a Cayley graph. 
Similarly, for any natural number k we can define a vertex not transitive graph Gk 
on 4(2k+ 1) vertices by the set of generators { pl, p2}, where pi is the product of 
4-cycles (1234)(5678) . ..(8k+l 8k+28k+38k+4) and p2 is the product of tree 
cycles, two of them are (2k + 1)-cycles and the third is (4k + 2)-cycle. The (2k + 1)-cycles 
are formed by the odd vertices such that p2(21- 1)=21+ 3 for 1= 1,2, . . . ,4k, 
p(8k+ l)= 1, p(8k+3)=3 and the (4k +2)-cycle is formed by the even numbers such 
that p2(2)=8k+4, p2(4)=8k+2, p,(41+2)=41, p,(41+4)=4!-2, for 1= 1,2, . . ..2k. 
It is easy to prove that (pl p2)2 = 1 and (pl p; ‘) = 1 so if we define the ordering 
(Tl> z2> z3> %)=(A, P2, p;‘, p; ‘), then all conditions of Theorem 5 are fulfilled so we 
can calculate the genus of H@Gk for any bipartite graph H which has an orientable 
quadrilateral imbedding. 
Example 2. Let K be the graph which is generated by {pl, p2, ps} where 
p,=(1234)(5678)(91011 12)(13141516), 
p,=(110312)(514716)(92114)(136158), 
p3=(18)(169)(45)(1213)(710152)(631411). 
The graph K is bipartite and contains 4 digons. We can identify the both edges of each 
of these digons to obtain a simple not regular graph G. 
Nevertheless, by simple modification of the technique we developed here it is 
possible to calculate the genus of HOG where H is a graph with an orientable 
quadrilateral imbedding and which is either bipartite or it has bipartite dual or the 
imbedding is a straight ahead imbedding. 
3. Some applications 
Example 3. If we assign the following permutation voltages to the bouquet Bs we 
obtain that the derived graph is K,,,,, whose standard bipartition is { 1, . . . ,20} = 
{1>3,..., 19}u{2,4, . . . ,20}. 
p,=(1234)(5678)(9101112)(13141516)(17181920), 
p,=(16320)(51074)(914118)(13181512)(1721916), 
p,=(110316)(514720)(918114)(132158)(1761921), 
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p4=(l 14312)(518716)(921120)(136154)(1710198), 
p,=(11838)(52712)(961116)(13101520)(1714194). 
If we define the ordering z of the set of generators in the following way: rzi- 1 =pi, 
z2i=Pi -li for i=l , . ...5 and write (21,~2,~3,24,~~,~g,~7r~s,~.g,~10)=(~lr~;1, 
P2, PZ’>P3? PT’9 p4,pi1,p5, p;‘), all conditions of Theorem 7 and Theorem 5 are 
fulfilled so it is possible to calculate the genus of H@Klo, 1o for any graph H which has 
an orientable quadrilateral imbedding and which is either bipartite or has the 
bipartite dual. 
On the other hand, if we deifne the ordering z of the set of generators to be: 
(~1,~2,~3,~4,~~,~~,~,r~~,~~,~lO)=(P;1,P2,P;1,P3,P;1,P4,P41,P5,P;1,P1), all 
conditions of Theorem 8 are fulfilled so it is possible to calcualte the genus of 
H@Kl,, 10 for any graph H which has an orientable quadrilateral straight ahead 
imbedding. 
Note that the elements of one subset (odd numbers) of bipartition of Klo,lo are 
satying‘still’(p?(4k+1)=4k+3andp?(4k+3)=4k+l fork=0,...,4andi=1,...,5) 
in the set of generators {p1,p2,p3,p4,p5} for K,,,,,. 
We only ‘move’ the elements of the other subset (even numbers), so let us write the 
set of generators in the form of matrix in which we will omit the odd numbers: 
p1 . . . 
- 
2 4 6 8 10 12 14 16 18 20 
P2 ... 6 20 10 4 14 
P3 ... 10 16 14 20 18 4 2 8 6 12 =Alo. (1) 
P4 ... 14 12 18 16 2 
Ps ... 18 8 2 12 6 8 18 12 2 16  20 6 4 10 8 16 10 20 14 4 
The even columns of this matrix contain the numbers which are divisible by 4 and 
the odd columns contain numbers which are of the form 4k - 2.If we now separate the 
odd and the even columns we get 
! 
2 6 10 14 18 
6 10 14 18 2 
Llo= 10 14 18 2 6 , RIO= 
14 18 2 6 10 
18 2 6 10 14 
I 
8 12 16 20 
(4 
12 16 20 4 8 
8 12 16 20 4 
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Theorem 10. Let H be a simple bipartite (p,q) graph with an orientable quadrilateral 
imbedding. Then 
CW2 4 
~(H@K~.,~,)=~-2pn+2. 
Proof. For 2n we can write two n x n matrices of the form (2) and join them in the 
n x 2n matrix of the form (1) which we denote T= [tij]. Now, we will construct the set of 
generators {aI, . . . , CT,} for K2n,2n. For i= 1, . . . , n let ai=(ltil3ti2)(5ti37i4)...((4j-3) 
tij(4~j-1)ti(j+l)) . . . ((2n - 3)ti(n- 1,(2n- l)ti”). Then define the ordering r of the set 
(g r )...) (T”, o;‘,..., 0,’ } in the following way: Zz(i_l)=~i, rzi=gi-’ for i==l, . . . ,2n. 
We see that because of Remark 2 for fulfilling the conditions of Theorem 5 it is 
sufficient to prove that (~~r;l)~=(~;r a;‘)‘= 1 or the equivalent statement 
(~~0~)~ = 1. This can be easily done; for example for k= 1, . . . , n we have 
ala2(4k-3)= 
al(4k+2), if k<n, 
rrl(2), if k=n, 
4k+3, if k<n, 
= 3, if k=n, 
ola2(4k+3)=a1(4k) 
=4k-3 if ken, 
and similarly for the even numbers. 
Knowing that HoK~,,~, has 4pn vertices and 2q(2n)’ edges, that it is bipartite and 
that it has two components we have 
y(H@K2.,,.)=T-2pn+2. Cl 
Theorem 11. Let H be a simple (p, q) graph with an orientable quadrilateral imbedding 
and bipartite dual. Then 
where c equals 2 if H is bipartite and 1 otherwise. 
Proof. The set of generators {al, . . . , a,} for K2n,2n and the ordering z from 
Theorem 10 satisfy the conditions of Theorem 7. 0 
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Theorem 12. Let H be a simple (p,q) graph with an orientable quadrilateral straight- 
ahead imbedding. Then 
where c equals 2 if H is bipartite and 1 otherwise. 
Proof. The set of generators for K2n,2n defined in Theorem 10 and the ordering 
(r I ,..., ~~~)=(cr;~,r~~,~t;~ ..,, n_l,o;_!l,on,~;l,~I) satisfy the conditions of 
Theorem 8. Cl 
The genus of the tensor product H@K 2n,2n can easily be calcualted for various 
graphs H. 
Theorem 13. Let H be the Cartesian product C, x C&r, s3 4) of two cycles C, and C,. l”hen 
W@Kzn, zn) = 
2nrs(2n - 1) + 2 if ,s and r are even, 
2nrs(2n - 1) + 1 otherwise. 
Proof. The graph C, x C, has a quadrilateral straight ahead imbedding on torus SO 
this is the special case of Theorem 12. 0 
The following theorem shows that the same technique can be applied for a graph 
H which has a degenerate orientable quadrilateral imbedding. 
Theorem 14. 
Proof. P, is a bipartite graph so we can replace each edge by 2n directed edges which 
are assigned voltages z1 . . . xzn as we did in the proof of the Theorem 5. The only 
4-sided region of obtained voltage graph will have net voltage (rrr;i)‘= 1. Cl 
Using the technique we are developing here, some of Abay-Asmerom [l] results can 
also be obtained. For example we can prove the following theorem. 
Theorem 15. Let H be a simple bipartite (p, q) graph with an orie~table quadrilateral 
imbedding. Then ,for n 2 2 
y(H@Qn) = 2”- 2(ny - 2~) + 2. 
Proof. Using the method of the mathematical induction we can construct a set of 
generators for Qn which will satisfy the conditions of Theorem 5 if n is even, or 
Theorem 6 if n is odd. This construction is using the same idea which is used for the 
construction of the orientable quadrilateral irnbedding for Qn and which is, for 
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example, presented in Theorem 5.9 in [2]. We can always number the vertices of Qn 
such that the bipartition of the vertex set is { 1,3,5, . . . ,2”- 1) u(2,4,6,. . ,2”}. 
For n=2, a=(1234) and rl=cr, r2=~-i satisfy the conditions of Theorem 5. 
For n = 3 we take two copies of Q2, one with the vertex set (1,2,3,4} and the other 
with vertex set { 1 *, 2*, 3*, 4*), join the corresponding vertices, e.g. 1 with 1 *, 2 with 
2*, etc. and define 
Note that the edges {l,l*}, {2,2*}, {3,3*}, {4,4*} form a l-factor of Q3. 
Now we can renumber the vertices of Qs and write 
o1 =(1234)(5678), 
It is easily verified that z1 = CJ~, z2 = CT; I, ~~ = 02, z4 = CJ, 1 satisfy the conditions of 
Theorem 6. 
For n=4 we again take two copies of Q3, one with vertex set (1,2, . . . ,8j and the 
other with vertex set {l*, 2*, ._. ,8*}. We get graph whose generators are 
~~=(1234)(5678)(4*3*2*1*)(8*7*6*5*), 
Ifwe change CJ~ to be g2=(188*1*)(722*7*)(366*3*)(544*5*) we get that {(TV, 
is generating set for Q4, which with the ordering z, ri = cl, ~~ = cl -l,z3=cT2, 2&$=CT;l, 
satisfy all conditions of Theorem 5. 
We can again renumber the vertices of Q4 and write 
o,=(1234)(5678)(91011 12)(13141516), 
cr,=(181312)(721114)(361510)(54916). 
To get the generators for Q,, from the set of generators for Q,, _ i we are applying 
basically the same procedure. We distinguish two cases: n odd and n even. 
Let us assume that the there exists the set of generators for Q,,, for which all 
conditions of Theorem 5, if n is even, or Thorem 6, if n is even, are fulfilled. 
If n is even, n = 2m, then let { r~r, .. . , G,} be the set of generators for Qzm which satisfy 
the conditions of Theorem 5 and let r be the ordering defined in Theorem 5. We can 
construct Q2m + 1 by taking two copies of Q2,,, and then adding 22” edges joining 
vertices from the first copy of Qzm to the corresponding vertices of the second copy (see 
[2]). These 22” edges form l-factor F for Q2m+ 1. Let us denote the vertices of the 
second copy and Q2,,, with { 1 *, 2*, . . . }. We can construct the set of generators 
iE 1, ... , x,} for Q2,,, + i - F by, for i = 1, . . . , m, concatenating pi and ai- ’ where we 
regard 0;’ as the permutation of the set { 1 *, . . . , (22”)*j. We can define c(,,,+~ = 
(11*)(22*) . . (22m(22m)*) and the ordering p of the set (al, . . . ,u,+~, ‘XT’, . . . ,cI,:~} 
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in the following way: if Zi=~k then we put pi=&, if Zi=O;’ then We put bi=cC[ ‘, 
; 
2m+1=~2m+Z=cxm+1. Now, for i=l,... ,2m-1 we have (piBl’+‘r)‘=l and 
2m+l~2m+2= 1. If we verify that (&,,j?z;n’+l)2= 1 and (p2m+2B;1)2= 1 all conditions 
of Theorem 6 will be fulfilled. This can easily be done because we have 
and similarly for (p2,,,+2j?;1)2=1. 
If n is odd, n = 2m - 1, then Qn has a l-factor F. Let {or, . . . , a,} be as it is described 
in Theorem 6, and let (T, be the generator for the graph which is obtained from F by 
adding a parallel edge to each edge of F. 
To construct the set of generators {a,, . . . ,cY,} for Q2,,, we first for i= 1, . . . , m, 
concatenate pi and 0; ‘, where we regard azr’ as the permutation of the set 
{1”,...,(2 2m- ‘)* }, to obtain ai and then we change LX,,, in the following way: if (eo) and 
(o*e*), where e is even and o is odd, are 2-cycles of z, then we exchange them with the 
4-cycle (oee*o*) and we do that for all couples of 2-cycles of CI,. Now, we can 
define the ordering B of the set {xl, . . . , LX,,,, x; ‘, . . . , a; ’ } in the following way: if 
Zi=Ti+l=~mthenweputpi=cc,andPi+l=Clm - r else if k < m we have if Zj = gk then we 
put bjoj=Zk, if Zj=Okl then We put Bj=cC;‘. 
If we verify that (pi- lfi,: l)* = 1 and (Bi+181;+2)* = 1 all conditions of 
Theorem 5 will be fulfilled. This can easily be done because we have 
Bi-iB;‘(e:)=Pi-i(ei)=O, 
and 
and similarly for (pi + 1 /I ;+I*)’ = 1. 
We can conclude that either the conditions of Theorem 5 or the conditions of 
Theorem 6 are fulfilled and in both cases we can easily calculate that 
y(HOQ,)=2”-2(nq-22p)+2. 0 
Using this technique it is also possible to obtain some other results of Abay- 
Asmerom - for example calculate y(H@QJ where H is a graph with an orientable 
quadrilateral imbedding and bipartite dual. This can be done by using an analogous 
theorem to Theorem 6 and set of generators for Q. definied in Theorem 15. 
The following Theorem extends the results of Abay-Asmerom and the genus result 
for (C, x C&Q” is its easy consequence. 
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Theorem 16. Let H be a simple (p, q) graph with an orientable quadrilateral straight- 
ahead imbedding. Then 
y(HOQ,)=2”-2(nq-2p)+c 
where c equals 2 if H is bipartite and 1 otherwise. 
Proof. The set of generators for Qn defined in Theorem 15 and the ordering 
(7 1, . . . . z/J=(u;l, 62, o;l 
-1 
?..~j~k-l,ai~lTakrak , al) (where k=n/2 if n is even or 
(n+ 1)/2 if n is odd) satisfy the conditions of Theorem 8. 0 
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